It is assumed that any free energy function exhibits strict periodic behavior for histories that have been periodic for all past times. This is not the case for the work function, which, however, has the usual defining properties of a free energy. Forms given in fairly recent years for the minimum and related free energies of linear materials with memory have this property. Materials for which the minimal states are all singletons are those for which at least some of the singularities of the Fourier transform of the relaxation function are not isolated. For such materials, the maximum free energy is the work function, and free energies intermediate between the minimum free energy and the work function should be given by a linear relation involving these two quantities. All such functionals, except the minimum free energy, therefore do not have strict periodic behavior for periodic histories, which contradicts our assumption. A way out of the difficulty is explored which involves approximating the relaxation function by a form for which the minimal states are no longer singletons. A representation can then be given of an arbitrary free energy as a linear combination of the minimum, maximum and intermediate free energies derived in earlier work. This representation obeys our periodicity assumption. Numerical data are presented, supporting the consistency of this approach.
Introduction
There are generally many free energies relating to a given material with memory. They form a bounded convex set with a minimum and a maximum element ([11] and earlier references therein), which we will denote by F.
Over the last 15 years, explicit algebraic representations of the minimum and related free energies have been given for materials with memory which have constitutive equations for stress 1 given by linear functionals of the strain; see for example [1, 2, 8, 10, [12] [13] [14] [15] [16] [17] [18] .
More basic examples of free energies, in terms of the relaxation function, were constructed and considered in earlier references, notably the Graffi-Volterra and Dill functionals discussed in [1, 6, 7, 11, 21, 23 ] and other papers. There is also the Fabrizio free energy functional introduced in [9], which is an explicit functional of the minimal state (FMS).
These are all quadratic functionals which yield linear constitutive equations for the stress, in a mechanics context. A generalization of such quadratic functionals, yielding non-linear constitutive relations has been proposed recently [19] .
One of the free energies in F is the physical free energy, the associated rate of dissipation which yields the rate of heat loss resulting from deformation. The problem of identifying this particular free energy is discussed in [15, 16] , but more definitively addressed in [20] .
Some functionals, in particular those of Graffi-Volterra, Dill and Fabrizio, are free energies only for certain types of material, so that the size of F will depend on material properties. Those with the least constraints on the material are the minimum free energy and also the family of related functionals discussed in for example [1, 15] (though this family is non-trivial only for relaxation functions with no branch cut singularities in the frequency domain).
Recent work [17] seeks to provide methods for systematically exploring existing and new categories of free energy functionals in F, based on a novel technique for constructing free energies. Quadratic functionals of quantities known to be FMSs are explored in [18] .
If a free energy functional is to correspond in some sense to a measure of (finite) stored energy, it should exhibit strict periodic behavior for histories that have been periodic for all past times. This is not the case for the work function, which changes by a fixed amount over each cycle, although it has the usual defining properties of a free energy, with associated zero dissipation rate.
For materials where the minimal states are all singletons, the maximum free energy is the work function, and free energies intermediate between the minimum free energy and the work function are given by a linear relation involving these two quantities. All such functionals, except the minimum free energy, therefore share this property of the work functional that they change over each cycle. This difficulty is discussed in the present work, and a solution suggested.
Many of the developments of Sects. 2, 3, 4, 5, 6, 7, 9, and 11 are well covered in earlier references, in particular [1], allowing us to omit most derivations. These developments provide the basis on which the new results, mainly concentrated in Sects. 8, 10, 12 and 13, are constructed.
Regarding the notational convention for referring to equations, we adopt the following rule. A group of relations with a single equation number (***) will be individually labeled by counting "=" signs or "<", ">", "≥" and "≤". Thus, (***) 5 refers to the fifth "=" sign, if all the relations are equalities. Relations with "∈" are ignored for this purpose.
Basic relations
The strain at time t and its history are E(t) and E t , where
while the relative history is given by
We assume that the strain E(·) belongs to C 2 on R. The stress is denoted by T (t). The general form of the constitutive relation is
where it is understood that T is a functional of E t and a function of E(t). The general form of a free energy functional is given by
where, as with T , the quantityψ is a functional of E t and a function of E(t). Let E † be the static history, equal to E(t) at the current and all past times. Theñ ψ(E † , E(t)) = φ(E(t)) = φ(t) ≥ 0, (2.5)
where φ(E(t)) is the equilibrium free energy. This is a definition of φ, which must have the same form for any choice of free energy. The abbreviation to φ(t) will be used frequently.
